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Abstract
In this paper, we study the necessary conditions and sufficient conditions for the central
configurations formed by two twisted regular polygons (one N-regular polygon and one L-
regular polygon ). We wish to extend the results of the symmetrical central configurations
formed by two twisted N-regular polygons, however, it will be proved that there are not more
central configurations in a more general setting than the central configurations considered for
some more particular situations before.
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1 Introduction
Central configuration plays a very important role in many problems, such as Newtonian N-body
problems. It is highly concentrated by mathematicians [1, 2, 3, 4, 5, 6, 7, 8, 9]. To find concrete
central configurations is very difficult, therefore we consider only some special situation, i.e., the
central configurations formed by two twisted regular polygons, which are an extension of the
results in [3, 9]. The motivation of this paper comes mainly from the results of [3, 10, 9].
Definition 1.1. A configuration q = (q1, q2, . . . , qn) ∈ X \∆ is called a central configuration, if
there exists a constant λ ∈ R such that
n∑
j=1,j 6=k
mjmk
|qj − qk|3 (qj − qk) = −λmkqk, 1 6 k 6 n. (1)
The value of λ in (1) is uniquely determined by
λ =
U(q)
I(q)
, (2)
where
X = {q = (q1, q2, . . . , qn) ∈ R3n|
n∑
i=1
miqi = 0}, (3)
∆ = {q|qj = qk for some j 6= k}, (4)
U(q) =
∑
16j<k6n
mjmk
|qj − qk| , (5)
I(q) =
∑
16j6n
mj |qj |2. (6)
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Consider the central configurations in R3 formed by one regular N-polygon and another regular
L-polygon with distance h > 0(without loss of generality, we set N 6 L). It is assumed that the
lower layer regular N-polygon lies in horizontal plane, and the upper regular L-polygon parallels
to the lower one and z-axis passes through both centers of two regular polygons. Suppose that
the lower layer particles have masses m1,m2, . . . ,mN and the upper layer particles have masses
m˜1, m˜2, . . . , m˜L respectively. For convenience, we may treat R
3 as the direct product of the
complex plane and real axis when choosing the coordinates. Let ρk be the k−th root of the
N-roots of unity, ξl be the l−th root of the L-roots of unity, i.e.,
ρk = e
iθk , (7)
ξl = e
iϕl , (8)
and let
ρ˜l = aξl · eiθ, (9)
where a > 0, i =
√−1, θk = 2kpiN (k = 1, 2, . . . , N), ϕl = 2lpiL (l = 1, 2, . . . , L), 0 6 θ 6 2π, θ is called
twisted angle.
It is assumed that m1,m2, . . . ,mN locates at the vertex qk of the lower regular N-polygon;
m˜1, m˜2, . . . , m˜L locates at the vertex q˜l of the upper regular L-polygon, where
qk = (ρk, 0), q˜l = (ρ˜l, h). (10)
The center of mass is
z0 =
∑
j mjqj +
∑
l m˜lq˜l
M
, (11)
where
M =
∑
j
mj +
∑
l
m˜l. (12)
Let
Pk = qk − z0, P = (P1, P2, . . . , PN ), (13)
P˜l = q˜l − z0, P˜ = (P˜1, P˜2, . . . , P˜L). (14)
If P1, P2 . . . , PN ; P˜1, P˜2 . . . , P˜L form a central configuration, then ∃λ ∈ R+, such that
N∑
j=1,j 6=k
mj
|Pk − Pj |3 (Pk − Pj) +
L∑
j=1
m˜j
|Pk − P˜j |3
(Pk − P˜j) = λPk, 1 6 k 6 N, (15)
L∑
j=1,j 6=k
m˜j
|P˜l − P˜j |3
(P˜l − P˜j) +
N∑
j=1
mj
|P˜k − Pj |3
(P˜l − Pj) = λP˜l, 1 6 l 6 L. (16)
In the following, we only consider the case of m1 = · · · = mN = m and m˜1 = · · · = m˜L = bm.
Then
z0 =
∑
j
(mjqj + m˜j q˜j)/M = (0, 0,
bLh
N + bL
), (17)
and the necessary conditions and sufficient conditions for P1, P2 . . . , PN ; P˜1, P˜2 . . . , P˜L forming a
central configuration are
A+ b
L∑
j=1
1− a cos (2pijL − 2pikN + θ)
[1 + a2 − 2a cos (2pijL − 2pikN + θ) + h2]
3
2
= µ, (1 6 k 6 N) (18)
bB +
N∑
j=1
1− a−1 cos (2pijN − 2pikL − θ)
[1 + a2 − 2a cos (2pijN − 2pikL − θ) + h2]
3
2
= µ, (1 6 k 6 L) (19)
2
L∑
j=1
sin (2pijL − 2pikN + θ)
[1 + a2 − 2a cos (2pijL − 2pikN + θ) + h2]
3
2
= 0, (1 6 k 6 N) (20)
N∑
j=1
sin (2pijN − 2pikL − θ)
[1 + a2 − 2a cos (2pijN − 2pikL − θ) + h2]
3
2
= 0, (1 6 k 6 L) (21)
h
L∑
j=1
1
[1 + a2 − 2a cos (2pijL − 2pikN + θ) + h2]
3
2
=
µLh
N + bL
, (1 6 k 6 N) (22)
h
N∑
j=1
1
[1 + a2 − 2a cos (2pijN − 2pikL − θ) + h2]
3
2
=
µNh
N + bL
, (1 6 k 6 L) (23)
where
A =
N−1∑
j=1
1− ρj
|1− ρj |3 > 0, B =
L−1∑
j=1
1− ξj
|1− ξj |3 > 0, µ =
λ
m
. (24)
For the central configurations of this type , R. Moeckel and C. Simo [3] proved the following results
with condition θ = 0, L = N :
Theorem 1.2. (R. Moeckel and C.Simo). When h = 0, θ = 0, for every mass ratio b, there are
exactly two planar central configurations consisting of two nested regular N-polygon. For one of
these, the ratio a of the sizes of the two polygons is less than 1, and for the other it is greater
than 1. However, for N ≥ 473 there is a constant b0(N) < 1 such that for b < b0 and b > 1b0 , the
central configuration with the smaller masses on the inner polygon is a repeller.
Theorem 1.3. (R. Moeckel and C.Simo). When h2 > 0, θ = 0, if N < 473, there is a unique
pair of spatial central configurations of parallel regular N-polygon. If N ≥ 473, here are no such
central configurations for b < b0(N). At b = b0 a unique pair bifurcates from the planar central
configuration with the smaller masses on the inner polygon. This remains the unique pair of spatial
central configurations until b = 1b0 , where a similar bifurcation occurs in reverse, so that for b >
1
b0
,
only the planar central configurations remain.
X. Yu and S. Q. Zhang [9] proved the following results with condition L = N :
Theorem 1.4. If the central configuration is formed by two twisted regular N-polygon (N ≥ 2)
with distance h ≥ 0, then only θ = 0 or θ = π/N . Specifically, if a = 1 and h = 0, i.e., two nested
regular N-polygon are on the same unit circle, then only θ = π/N .
Corollary 1.5. For N ≥ 2, h = 0, if a = 1, then b = 1 and θ = π/N , i.e., there is exactly one
central configuration formed by two nested regular N-polygon on the same unit circle, which is the
regular 2N-polygon.
Corollary 1.6. The configuration formed by two twisted regular N-polygon (N ≥ 2) with distance
h ≥ 0 is a central configuration if and only if the parameters a, b, h satisfy the following relation-
ships: i. When h = 0 and a 6= 1
b

 ∑
1≤j≤N
1− a cos(θj)
(1 + a2 − 2a cos(θj))3/2
− A
a3

 =
∑
1≤j≤N
1− a−1 cos(θj)
(1 + a2 − 2a cos(θj))3/2
− A (25)
or
b

 ∑
1≤j≤N
1− a cos(θj + piN )
(1 + a2 − 2a cos(θj + piN ))3/2
− A
a3

 =
∑
1≤j≤N
1− a−1 cos(θj + piN )
(1 + a2 − 2a cos(θj + piN ))3/2
−A. (26)
3
ii. When h > 0


ba
∑
1≤j≤N
cos(θj)
(1+a2−2a cos(θj)+h2)3/2 = A−
∑
1≤j≤N
1
(1+a2−2a cos(θj)+h2)3/2
ba
(
A
a3 −
∑
1≤j≤N
1
(1+a2−2a cos(θj)+h2)3/2
)
=
∑
1≤j≤N
cos(θj)
(1+a2−2a cos(θj)+h2)3/2
(27)
or


ba
∑
1≤j≤N
cos(θj+
pi
N )
(1+a2−2a cos(θj+ piN )+h2)3/2
= A−∑1≤j≤N 1(1+a2−2a cos(θj+ piN )+h2)3/2
ba
(
A
a3 −
∑
1≤j≤N
1
(1+a2−2a cos(θj+ piN )+h2)3/2
)
=
∑
1≤j≤N
cos(θj+
pi
N )
(1+a2−2a cos(θj+ piN )+h2)3/2
.
(28)
Corollary 1.7. For N ≥ 2, h > 0, a = 1, if the configuration formed by two twisted regular N-
polygon (N ≥ 2) with distance h ≥ 0 is a central configuration, then b = 1, θ = 0 or π/N , and there
exists a unique h for each θ. In other words, there are exactly two spatial central configurations
formed by parallel regular N-polygon which have the same sizes.
In this paper, we will prove the following main result:
Theorem 1.8. If P1, P2 . . . , PN ; P˜1, P˜2 . . . , P˜L form a central configuration, then N = L, i.e., two
stacked regular polygons forming a symmetrical central configuration (considered by us) have the
same shape.
Then the necessary conditions and sufficient conditions for the central configurations formed
by two twisted regular polygons are the conditions given in Corollary 1.5 and 1.6. Furthermore,
some particular cases are already completely known, specially, the case of θ = 0 in Theorem 1.2
and 1.3.
2 Some Lemmas
Lemma 2.1. Let aj > 0, 1 6 j 6 k,A1 > A2 >, . . . ,> Ak > 0, then
lim
n→∞
(
∑
16j6k
ajA
n
j )
1
n = A1. (29)
Lemma 2.2. Given aj > 0, 1 ≤ j ≤ k,A1 > · · · > Ak > 0. For the function f(x) =
(
∑
1≤j≤k ajA
x
j )
1
x , x ∈ (0,∞), we have
f ′(x) = (−A1 ln a1) 1
x2
+ o(
1
x2
), (30)
when x→∞.
Proof. f ′(x) = (
∑
1≤j≤k ajA
x
j )
1
x [
x
∑
1≤j≤k ajA
x
j lnAj∑
1≤j≤k ajA
x
j
− ln∑1≤j≤k ajAxj ]/x2
= 1x2 (
∑
1≤j≤k ajA
x
j )
1
x [
lnA1+
∑
2≤j≤k bjB
x
j lnAj
1+
∑
2≤j≤k bjB
x
j
x− ln(a1Ax1)− ln 1 +
∑
2≤j≤k bjB
x
j ].
where bj =
aj
a1
, Bj =
Aj
A1
(2 ≤ j ≤ k).
Then Bxj → 0, xBxj → 0, when x→∞.
So f ′(x) = 1x2 (
∑
1≤j≤k ajA
x
j )
1
x [− lna1 + o(1)] = (−A1 ln a1) 1x2 + o( 1x2 ).
Lemma 2.3. Let
g(x, α) =
∑
1≤j≤N
sin(θj + θ)
(1 + a2 − 2acos(θj + θ) + x)α ,
where θ ∈ (0, piN
)
, a > 0, α > 0, x ≥ 0. Then g(x, α) > 0 in {x : x ≥ 0} provided α is sufficiently
large.
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Proof. Set t = 2a1+a2+x , then t ∈ (0, 2a1+a2 ] and we need only to prove that
f(t, α) =
∑
1≤j≤N
sin(θj + θ)
(1− tcos(θj + θ))α
is positive in (0, 2a1+a2 ] for sufficiently large α.
Firstly, we have
f(t, α) =
∑
1≤j≤N
sin(θj + θ)
∑
m≥0
[
α(α+ 1) · · · (α+m− 1)
m!
tm cosm(θj + θ)]
=
∑
m≥0
[
α(α + 1) · · · (α+m− 1)
m!
(
t
2
)m]
∑
1≤j≤N
[sin(m+ 1)(θj + θ) + (m− 1)sin(m− 1)(θj + θ) + · · · ]
=
α(α + 1) · · · (α+N − 2)
(N − 1)! (
t
2
)N−1Nsin(Nθ) + o(tN−1)
So there exists δα for any given α such that f(t, α) is positive for t ∈ (0, δα].
Let
h(t, α) = {
∑
0≤j≤[N−1
2
]
sin(θj + θ)
(1− tcos(θj + θ))α }
1
α − {
∑
1≤j≤[N
2
]
sin(θj − θ)
(1− tcos(θj − θ))α }
1
α ,
then h(t, α) and f(t, α) have the same sign.
We have ∂h(t,α)∂α = [− ln(sin θ)1−t cos θ +
ln(sin( 2piN −θ))
1−t cos( 2piN −θ)
] 1α2 + o(
1
α2 ), since
ln(sin( 2piN −θ))
1−t cos( 2piN −θ)
− ln(sin θ)1−t cos θ =
(1−t cos θ)[ln(sin( 2piN −θ))−ln(sin θ)]+t[cos( 2piN −θ)−cos θ]
[1−t cos( 2piN −θ)](1−t cos θ)
> 0, hence h(t, α) is increasing about α provided α
is sufficiently large.
So there exists some positive number δ (independent of α ) such that h(t, α) is positive in (0, δ]
for sufficiently large α.
Secondly, h(t, α) → h(t) for any t ∈ [δ, 2a1+a2 ], where h(t) = 11−t cos θ − 11−t cos( 2piN −θ) , and there
exists some positive number ǫ such that h(t) ≥ ǫ > 0 for any t ∈ [δ, 2a1+a2 ].
Since h(t, α) is increasing about α provided α is sufficiently large, by the well known theorem
(Dini), we know that h(t, α) ⇒ h(t) on the compact interval [δ, 2a1+a2 ], thus h(t, α) is positive in
[δ, 2a1+a2 ] for sufficiently large α.
As a result g(x, α) is positive in {x : x ≥ 0} provided α is sufficiently large.
Remark. We say some words about the proof of the Lemma 2.3 here. We found there
was a gap in our original proof of the important Lemma 2.10 in [9]. Since we din’t notice that
the problem of the uniform convergence of h(t, α) and the compactness of the whole interval we
considered. So here we give the new proof of the Lemma 2.3 to correct the error in Lemma
2.10 of [9].
Then we have the following important proposition which is a corollary of Lemma 2.3. The
detailed proof can be found in [9].
Lemma 2.4. If
N∑
j=1
sin (θj + θ)
[1 + a2 − 2a cos (θj + θ) + h2] 32
= 0, (31)
then θ = jpiN (mod2π) for some 1 6 j 6 2N.
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3 The proof of main results
By(20) and lemma 2.4, for∀k ∈ {1, 2, . . . , L}there exist corresponding lk such that 1 6 lk 6 2L
and
θ − 2πk
N
=
lkπ
L
(mod2π). (32)
Then there exists some j ∈ {1, 2, . . . , 2L} such that 2piN = jpiL (mod2π), moreover we have N |(2L).
Similarly, by(21), for∀ν ∈ {1, 2, . . . , N} there exist corresponding nν such that 1 6 nν 6 2N and
− θ − 2πν
L
=
nνπ
N
(mod2π). (33)
Then there exists some j ∈ {1, 2, . . . , 2N} such that 2piL = jpiN (mod2π), thus we also have L|(2N).
Let N = 2n ·N1, L = 2l · L1, where N1, L1 are odd, then we have N1 = L1, and n 6 l 6 n+ 1, so
L = N or L = 2N .
In the following, we will proveL 6= 2N . Otherwise if L = 2N , we have θ = (4k+lk)pi2N (mod2π)(1 ≤
k ≤ 2N, 1 6 lk 6 4N) by (32) and θ = − (ν+nν)piN (mod2π)(1 ≤ ν ≤ N, 1 6 nν 6 2N) by (33),
hence lk = 2l
′
k(1 6 l
′
k 6 2N) for any k ∈ {1, 2, . . . , 2N} and 2k + l′k + ν + nν = 0(mod2N) for
any k ∈ {1, 2, . . . , 2N}, ν ∈ {1, 2, . . . , N}, furthermore, there are both even and odd number in the
numbers nν(ν ∈ {1, 2, . . . , N}).
Then it’s easy to know that P1, P2 . . . , PN ; P˜1, P˜2 . . . , P˜L form a central configuration if and
only if a, b, h satisfy the following equations (in fact, by symmetry, one can get the same result):
A+ b
2N∑
j=1
1− a cos ( jpiN )
[1 + a2 − 2a cos ( jpiN ) + h2]
3
2
= µ, (34)
bB +
N∑
j=1
1− a−1 cos (2j−1N π)
[1 + a2 − 2a cos (2j−1N π) + h2]
3
2
= µ, (35)
bB +
N∑
j=1
1− a−1 cos (2jN π)
[1 + a2 − 2a cos (2jN π) + h2]
3
2
= µ, (36)
h
2N∑
j=1
1
[1 + a2 − 2a cos ( jpiN ) + h2]
3
2
=
µLh
N + bL
, (37)
h
N∑
j=1
1
[1 + a2 − 2a cos (2j−1N π) + h2]
3
2
=
µNh
N + bL
, (38)
h
N∑
j=1
1
[1 + a2 − 2a cos (2jN π) + h2]
3
2
=
µNh
N + bL
. (39)
Lemma 3.1. Let
f(x) =
N∑
j=1
1
[1 + a2 − 2a cos (2j−1N π) + x]
3
2
−
N∑
j=1
1
[1 + a2 − 2a cos (2jN π) + x]
3
2
x ∈ [0,+∞), (40)
then for any a ∈ (0,∞), we have f(x) < 0 for any x ∈ [0,+∞) except the unique singularity
a = 1, x = 0.
Proof. Set t = 2a1+a2+x , then t ∈ (0, 1) and we need only to prove that
g(t) =
∑
1≤j≤N
1
(1 − tcos(θj − piN ))
3
2
−
∑
1≤j≤N
1
(1− tcosθj) 32
6
is negative in (0, 1).
In fact, we have
g(t) =
∑
1≤j≤N
∑
m≥0
[
(32 )(
3
2 + 1) · · · (32 +m− 1)
m!
tm(cosm(θj − π
N
)− cosm θj)]
=
∑
m≥0
[
(32 )(
3
2 + 1) · · · (32 +m− 1)
m!
(
tm
2m−1
)]
∑
1≤j≤N
{[cosm(θj − π
N
) +m cos(m− 2)(θj − π
N
) + · · · ]
− [cosm(θj) +m cos(m− 2)(θj) + · · · ]}
Let am = [cosm(θj − piN ) +m cos(m − 2)(θj − piN ) + · · · ] − [cosm(θj) +m cos(m − 2)(θj) + · · · ],
then it’s easy to know that am ≤ 0 and g(t) is negative in (0, 1).
By (38),(39) and Lemma3.1, we know h = 0, and then there must be a 6= 1, otherwise there
will be collision. So P1, P2 . . . , PN ; P˜1, P˜2 . . . , P˜L form a central configuration if and only if a, b, h
satisfy the following equations
A+ b
2N∑
j=1
1− a cos ( jpiN )
[1 + a2 − 2a cos ( jpiN )]
3
2
= µ, (41)
bB +
N∑
j=1
1− a−1 cos (2j−1N π)
[1 + a2 − 2a cos (2j−1N π)]
3
2
= µ, (42)
bB +
N∑
j=1
1− a−1 cos (2jN π)
[1 + a2 − 2a cos (2jN π)]
3
2
= µ, (43)
Lemma 3.2. Let
f(x) =
N∑
j=1
1− x−1 cos (2j−1N π)
[1 + x2 − 2x cos (2j−1N π)]
3
2
−
N∑
j=1
1− x−1 cos (2jN π)
[1 + x2 − 2x cos (2jN π)]
3
2
, x ∈ (0, 1)
⋃
(1,∞). (44)
then f(x) < 0 for x ∈ (1,∞) and f(x) > 0 for x ∈ (0, 1).
Proof. Let
h(x) =
N∑
j=1
1
[1 + x2 − 2x cos (2j−1N π)]
1
2
−
N∑
j=1
1
[1 + x2 − 2x cos (2jN π)]
1
2
,
then
dh(x)
dx
= −xf(x) (45)
Firstly, we will prove f(x) is negative in (1,∞).
Set t(x) = 2x1+x2 , then t ∈ (0, 1) and dt(x)dx = 2(1−x
2)
(1+x2)2 ,
dt(x)
dx > 0 for x ∈ (0, 1), dt(x)dx < 0 for
x ∈ (1,∞). Furthermore, we have h(x) = 1
(1+x2)
1
2
g(t), where
g(t) =
∑
1≤j≤N
1
(1 − tcos(θj − piN ))
1
2
−
∑
1≤j≤N
1
(1− tcosθj) 12
Since
g(t) =
∑
1≤j≤N
∑
m≥0
[
(12 )(
1
2 + 1) · · · (12 +m− 1)
m!
tm(cosm(θj − π
N
)− cosm θj)]
=
∑
m≥0
[
(12 )(
1
2 + 1) · · · (12 +m− 1)
m!
(
tm
2m−1
)]
∑
1≤j≤N
{[cosm(θj − π
N
) +m cos(m− 2)(θj − π
N
) + · · · ]
− [cosm(θj) +m cos(m− 2)(θj) + · · · ]}
7
Let am = [cosm(θj − piN ) +m cos(m − 2)(θj − piN ) + · · · ] − [cosm(θj) +m cos(m − 2)(θj) + · · · ],
then it’s easy to know that am ≤ 0 and the first nonzero term is aN = −2, furthermore, g(t) and
dg(t)
dt is negative in (0, 1).
By (45), we have
x(1 + x2)
5
2 f(x)
2
= (1 + x2)g(t) +
(x2 − 1)
x
dg(t)
dt
, (46)
hence f(x) < 0 for x ∈ (1,∞).
Secondly, let us prove f(x) is positive in (0, 1).
In the following, we will prove h(x) and dh(x)dx are both negative in (0, 1) by the method of R.
Moeckel and C. Simo [3].
Let
d(z) =
1
(1 − z) 12 =
∑
m≥0
dmz
m,
then
h(x) =
N∑
j=1
1
[1− x exp (
√−1(2j−1)
N π)]
1
2
1
[1− x exp (−
√−1(2j−1)
N π)]
1
2
−
N∑
j=1
1
[1− x exp (
√−12j
N π)]
1
2
1
[1− x exp (−
√−12j
N π)]
1
2
=
N∑
j=1
∑
m≥0
dmx
m exp (
√−1m(2j − 1)
N
π)
∑
m≥0
dmx
m exp (
−√−1m(2j − 1)
N
π)
−
N∑
j=1
∑
m≥0
dmx
m exp (
√−12mj
N
π)
∑
m≥0
dmx
m exp (
−√−12mj
N
π)
=
N∑
j=1
∑
m≥0
xm
∑
k+l=m
dkdl exp (
√−1(k − l)(2j − 1)
N
π)
−
N∑
j=1
∑
m≥0
xm
∑
k+l=m
dkdl exp (
√−12(k − l)j
N
π)
= N
∑
m≥0
xm
∑
k+l=m,k≡l(modN)
dkdl cos(
k − l
N
π)−N
∑
m≥0
xm
∑
k+l=m,k≡l(modN)
dkdl
:=
∑
m≥0
bmx
m (47)
It’s easy to know that all of the coefficients bm are nonpositive and infinitely many are negative,
then h(x) and dh(x)dx are both negative in (0, 1). Hence f(x) > 0 for x ∈ (0, 1) by (45).
Proof of Theorem 1.8:
Proof. By(42), (43) and lemma(3.2), we know (41), (42) and (43)are unsolvable, i.e., if L = 2N ,
P1, P2 . . . , PN ; P˜1, P˜2 . . . , P˜L can not form a central configuration.
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